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Abstract. The goal of this paper is to throw light on the novel concept of measurable soft mappings.

The criteria for an extended real-valued soft mapping to be a Lebesgue measurable soft mapping

would also be presented. The positive and negative parts of an extended real-valued soft mapping are

also introduced therein. The measurability of soft mappings would also be the part of discussion. The

definition of soft probability measure in connection with its applications to softσ-algebra will also

be briefly discussed. In the end, an application of soft sets would also be represented.
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1. INTRODUCTION

In 1999, Russian researcher Molodtsov [17] originated the idea of soft set theory as a mathematical device for

dealing with uncertainty and decision making problems. The theory has many practical applications in a diversity

of fields. Maji et al. [14, 15] employed soft sets theory in problems related to decision making and defined many

operations on soft sets. Aliet al. [2] suggested some fruitful operations on soft sets. Chenet al. [7] laid foundation

of parametrization reduction of soft sets and its applications. Shabir and Naz in [24], and Cagmanet al. in [5]

proposed the theory of soft topological spaces and accomplished various properties regarding soft topological spaces.

In [22], Rong discussed the countabilities of soft topological spaces, soft separable spaces and soft Lindölof spaces
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and investigated some interesting results using these notions. Roy and Samanta[23] discussed some interesting results

in the theory of soft topological spaces utilizing the ideas of soft base and soft sub-base. Zorlutuna and Çakir [28]

worked on soft continuity, soft open-ness and soft closed-ness of soft mappings and also investigated the behavior of

soft separation axioms and generalized the pasting lemma in view of soft set theory. Riaz and Fatima [21] used soft

sets, soft elements and soft points to explore the notions of soft dense, nowhere soft dense sets, soft first category,

soft second category and soft Baire space for soft metric spaces and established the Baire’s category theorem for soft

metric spaces. Pei and Miao [19] described remarkable relationship between the soft sets and information systems. In

[18], Mukherjeeet al. studied the notion of Measurable soft sets. Samanta and Das [8, 9, 10] proposed fundamental

properties of soft real sets and soft real numbers. They also discussed soft elements and soft points in soft sets and

proposed the idea of soft metric spaces. Samanta and Majumdar [16] proposed the notion of soft groups, and discussed

the images and inverse images in the view of soft mappings on soft sets. Kharal and Ahmad [13] established mappings

on soft classes, the images and inverse images of soft sets. Khameneh and Kilicman [12] discussed Softσ-Algebras in

connection with soft probability space. Riaz and Naeem [20] introduced different concepts of soft sets, including soft

σ-ring, soft algebra, and softσ-algebra. They presented different types of set functions, including soft finitely sub-

additive, soft countably sub-additive, soft finitely additive, soft countably additive and soft monotone. They studied

the concept of soft outer measure and soft Lebesgue outer measure. They also described interesting applications of

soft mappings to decision-making.

In continuance to the significant work done by the aforementioned icons of Mathematics, we explore, in the

following pages, the novel concept of measurable soft mappings. The criteria for an extended real-valued soft mapping

to be a Lebesgue measurable soft mapping would also be presented. The positive and negative parts of an extended

real-valued soft mapping would also be introduced therein. The measurability of soft mappings would be the part of

discussion. In the sequel, the definition of soft probability measure in connection with its applications to softσ-algebra

will also be briefly discussed.

2. PRELIMINARIES

Definition 2.1. [17] Let X be a universe andE a non-empty collection of decision variables. Suppose that2X is the

aggregate of all subsets ofX andA(6= φ) ⊆ E. The doublet(T,A), whereT : A → 2X is a mapping, is known as a

soft setoverX. Mathematically speaking, it may be expressed as

(T,A) = {(η, TA(η)) : η ∈ A, TA(η) ∈ 2X}

TA is another representation for(T,A).

Maji et al. [15] presented soft subsets as below:

Definition 2.2. [15] Let (T, A1) and(G,A2) be soft sets overX. If

(1) A1 ⊆ A2, and

(2) T (η) ⊆ G(η), ∀η ∈ A1

then we write(T,A1) ⊆̃ (G,A2) and call(T, A1) a soft subsetof (G,A2). (G,A2) is then calledsoft supersetof

(T, A1) and is expressed as(G,A2) ⊇̃ (T,A1).
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Definition 2.3. [8] Let B(R) be the collection of all non-void bounded subsets of the setR of real numbers. Assume

thatA is the collection of decision variates. The mapT : A → B(R) is known as asoft real set, designated by(T, A).
If (T, A) is a soft set comprising only one soft element , then after recognizing(T, A) with the corresponding soft

element, it is termed as asoft real number.

We express a soft real number byr̃, whereas̄r will represent the particular type of soft real numbers such that

r̄(η) = r, for all η ∈ A. For example:̄0 is the soft real number wherē0(η) = 0, for everyη ∈ A.

Definition 2.4. [8] Let C be the family of all closed bounded intervals of real numbers, then the mappingĨ : E → C
is known as asoft closed interval. Each soft interval may be expressed as an ordered pair of soft real numbers. That is

if Ĩ : E → C is defined bỹI(λ) = [aλ, bλ], ∀λ ∈ E, then the soft interval(Ĩ , E) may be expressed as an ordered pair

of soft real numbers(T1, T2), whereT1(λ) = aλ andT2(λ) = bλ, ∀λ ∈ E.

Similarly the mapping̃I : E → C is called asoft open intervalif Ĩ : E → C is defined bỹI(λ) = (aλ, bλ) , ∀λ ∈
E.

Definition 2.5. [26] Let ≤̃ be an ordering of(T, A) and let(T1, A1) ⊆̃ (T,A). Forη ∈ A, if T (η) ≤̃ T1(λ), ∀λ ∈ A1,

thenT (η) is known as asoft lower boundof (T1, A1) in the ordered soft set(T, A, ≤̃). T (µ) is termed as thesoft

infimumor soft greatest lower boundif it is greatest of all soft lower bounds of(T1, A1) in (T, A, ≤̃).

Definition 2.6. [26] Let ≤̃ be an ordering of(T, A) and let(T1, A1) ⊆̃ (T,A). Forη ∈ A, if T1(λ) ≤̃ T (η), ∀λ ∈ A1,

thenT (η) is known as asoft upper boundof (T1, A1) in the ordered soft set(T,A, ≤̃). T (µ) is termed as thesoft

supremumor soft least upper boundif it is smallest of all soft upper bounds of(T1, A1) in (T, A, ≤̃).

Definition 2.7. [13] Let f : X → Y andu : E1 → E2 be mappings. Then asoft mappingψfu : (X,E1) → (Y,E2),
where(X, E1) and(Y, E2) are soft classes, is defined as:

For a soft set(F,A) in (X, E1), (ψfu(F,A), B), B = u(A) ⊆ E2 is a soft set in(Y,E2) given by

ψfu(F, A)(η2) =

{
f(

⋃
η1∈u−1(η2)∩A F (η1)), if u−1(η2) ∩A 6= φ

φ, otherwise

for η2 ∈ B ⊆ E2. (ψfu(F, A), B) is calledsoft imageof a soft set(F, A).
The soft mappingψfu is soft injectiveif both the mappingsf andu are injective and issoft surjectiveif both of

f andu are surjective.

Definition 2.8. [12, 20] An aggregatẽA of soft subsets of̆X is termed as asoftσ-algebraon X̆ if

1) Tφ ∈̃ Ã
2) If TA ∈̃ Ã thenT c

A ∈̃ Ã
3) If {Ãi : i ∈ N} ∈̃ Ã, then∪̃∞i=1 Ãi ∈̃ Ã
The doublet(X̆, Ã) is known as asoft measurable space. EachÃi ∈̃ Ã is called ameasurable soft set.

Example 2.9. Let X = {g, r, s} be the initial universe andE = {η1, η2} be the set of parameters. Let

TA1 = Tφ,

TA2 = {(η1, {g}), (η2, {})},
TA3 = {(η1, {r}), (η2, {g, s})},
TA4 = {(η1, {s}), (η2, {r})},
TA5 = {(η1, {g, r}), (η2, {g, s})},
TA6 = {(η1, {r, s}), (η2, {g, r, s})},
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TA7 = {(η1, {g, s}), (η2, {r})}, and

TA8 = X̆.

ThenÃ = {TAi
: i = 1, 2, 3, ..., 8} is a softσ-algebra overX.

Definition 2.10. [20] Let Ã be a softσ-algebra of soft subsets overX andµ̃ be a soft real-valued mapping oñA. Let

{TAi
} be a sequence of soft sets iñA. The soft mapping̃µ is called

1) finitely soft sub-additiveif µ̃(∪̃n
i=1 TAi) ≤̃ Σn

i=1 µ̃(TAi).
2) countably soft sub-additiveif µ̃(∪̃∞i=1 TAi) ≤̃ Σ∞i=1 µ̃(TAi).
3) finitely soft additiveif µ̃(∪̃n

i=1 TAi
) = Σn

i=1 µ̃(TAi
), whereTAi

’s are pairwise soft disjoint.

4) countably soft additiveor softσ-additiveif µ̃(∪̃∞i=1 TAi
) = Σ∞i=1 µ̃(TAi), whereTAi ’s are pairwise soft disjoint.

5) soft monotoneif TA ⊆̃ TB ⇒ µ̃(TA) ≤̃ µ̃(TB), ∀ TA, TB ∈̃ Ã.

Definition 2.11. [20] A non-negative soft extended real-valued set functionµ̃∗ defined on2X is called asoft outer

measureif

1) µ̃∗(Tφ) = 0;

2) µ̃∗ is soft monotone; and

3) µ̃∗ is countably soft sub-additive i.e.̃µ∗(∪̃∞i=1 TAi
) ≤̃ Σ∞i=1 µ̃∗ (TAi

).

Definition 2.12. [18] Let TA be a soft set. A mapping̃m∗ : 2eR → [0,∞] given as

m̃∗(TA) = ĩnf

{∑
n

l(Ĩn(η)) : TA(η) ⊆̃ ∪̃n Ĩn(η), η ∈ E

}

where soft infimum is taken over soft finite or soft countable sequence{Ĩn} of soft open intervals andl stands for

length of an interval, is calledsoft Lebesgue outer measure.

In other words

m̃∗(TA) =
∑

η∈A

m̃∗(T (η))

wherem̃∗ stands for the Lebesgue outer measure. SinceR̃ ∈̃ 2eR, so for anyTA ⊆̃ R̃, there must exist a soft sequence

{Ĩn} of soft open intervals such thatTA(η) ⊆̃ ∪̃n Ĩn(η) for all η ∈ E. One can takẽIn = R̃ for eachn.

Remark. (1)Note thatTA ⊆̃ ∪̃n Ĩn ⇔ TA(η) ⊆̃ ∪̃n Ĩn(η),∀η ∈ E.

(2) Since the length of an interval is always non-negative, som̃∗(TA) ≥̃ 0 for everyTA ⊆̃ R̃.

Proposition 2.13. [18]

(i) The soft Lebesgue outer measure of null soft set is0. i.e. m̃∗(Tφ) = 0.

(ii) The soft Lebesgue outer measure of a soft singleton set{P x
η }, whereP x

η ∈̃ R̃ is 0.

(iii) Soft Lebesgue outer measure of a soft countable set is0.

(iv) The soft Lebesgue outer measure is soft monotone i.e. ifTA ⊆̃ TB , thenm̃∗(TA) ≤̃ m̃∗(TB).
(v) If {TAn} is any sequence of soft sets of soft real numbers, thenm̃∗(∪̃n TAn) ≤̃ Σn m̃∗(TAn) i.e. the soft Lebesgue

outer measurẽm∗ is countably soft sub-additive.

Definition 2.14. [18] A soft setTE ∈̃ R̃ is calledLebesgue measurable soft setor simplymeasurable soft setif for

eachTA ⊆̃ R̃ we have

m̃∗(TA) = m̃∗(TA ∩̃ TE) + m̃∗(TA ∩̃ T c
E)
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3. MEASURABLE SOFT MAPPINGS

Definition 3.1. Let (X, Ã, µ̃) be a soft measure space andTA ∈̃ Ã. An extended real-valued soft mappingψfu defined

on Ã is said to be ameasurable soft mappingif for eachα ∈̃ R̃, {P x
η ∈̃ Ã : ψfu(P x

η ) >̃ α} ∈̃ Ã. In particular, ifÃ
is the class̃m of Lebesgue measurable soft subsets ofR̃, then the measurable soft mappingψfu is called aLebesgue

measurable soft mapping.

Stated differently,ψfu : Ã → R̃∞ isLebesgue measurable soft mappingif and only if{P x
η ∈̃ Ã : ψfu(P x

η ) >̃ α}
is measurable soft set for eachα ∈̃ R̃.

Theorem 3.2. Let ψfu be an extended real-valued soft mapping defined on a measurable soft setTA. Then the

following statements are equivalent:

1) ψfu is soft measurable.

2) {P x
η : ψfu(P x

η ) ≥̃ α} is measurable for allα ∈̃ R̃.

3) {P x
η : ψfu(P x

η ) <̃ α} is measurable for allα ∈̃ R̃.

4) {P x
η : ψfu(P x

η ) ≤̃ α} is measurable for allα ∈̃ R̃.

Proof: (1) ⇒ (2) :
We prove first that{P x

η : ψfu(P x
η ) ≥ α} = ∩̃∞n=1 {P x

η : ψfu(P x
η ) >̃ α − 1

n}. For this, letP x1
η ∈̃ {P x

η :
ψfu(P x

η ) ≥̃ α}. Then,ψfu(P x1
η ) ≥̃ α, ∀α ∈̃ R̃. In particular,ψfu(P x1

η ) >̃ α − 1
n for everyn ∈̃ Ñ. This implies in

turn thatP x1
η ∈̃ {P x

η : ψfu(P x
η ) >̃ α− 1

n} for eachn ∈̃ Ñ, and henceP x1
η ∈̃ ∩̃∞n=1 {P x

η : ψfu(P x
η ) >̃ α− 1

n}. Thus,

{P x
η : ψfu(P x

η ) ≥̃ α} ⊆̃ ∩̃∞n=1 {P x
η : ψfu(P x

η ) >̃ α− 1
n}.

Conversely, suppose thatP x2
η ∈̃ ∩̃∞n=1 {P x

η : ψfu(P x
η ) >̃ α − 1

n} so thatP x2
η ∈̃ {P x

η : ψfu(P x
η ) >̃ α −

1
n}, ∀n ∈̃ Ñ and henceψfu(P x2

η ) >̃ α − 1
n , ∀ñ ∈̃ Ñ. Thus,ψfu(P x2

η ) ≥̃ α, ∀α ∈̃ R̃. Therefore,P x2
η ∈̃ {P x

η :
ψfu(P x

η ) ≥̃ α}. So,∩̃∞n=1 {P x
η : ψfu(P x

η ) >̃ α− 1
n} ⊆̃ {P x

η : ψfu(P x
η ) ≥̃ α}.

Hence,

{P x
η : ψfu(P x

η ) ≥̃ α} = ∩̃∞n=1 {P x
η : ψfu(P x

η ) >̃ α− 1
n
}

Since soft intersection of countable number of measurable soft sets is soft measurable, so{P x
η : ψfu(P x

η ) ≥̃ α}
is soft measurable.

(2) ⇒ (3) :
We prove that{P x

η : ψfu(P x
η ) <̃ α} = TA \̃ {P x

η : ψfu(P x
η ) ≥̃ α}. For this, letP x1

η ∈̃ {P x
η ∈̃ TA :

ψfu(P x
η ) <̃ α}. It means thatψfu(P x1

η ) <̃ α. Thus,P x1
η ∈̃ TA butP x1

η /̃∈ {P x
η : ψfu(P x

η ) ≥̃ α} i.e. P x1
η ∈̃ TA \̃ {P x

η :

ψfu(P x
η ) ≥̃ α}. Therefore,{P x

η : ψfu(P x
η ) <̃ α} ⊆̃ TA \̃ {P x

η : ψfu(P x
η ) ≥̃ α}.

The converse follows by reverse steps.

Since bothTA and{P x
η : ψfu(P x

η ) ≥̃ α} are soft measurable and soft difference of two measurable soft sets is

again soft measurable, so it follows that{P x
η : ψfu(P x

η ) <̃ α} is soft measurable.

(3) ⇒ (4) :
Since{P x

η : ψfu(P x
η ) ≤̃ α} = ∩̃∞n=1 {P x

η ∈̃ TA : ψfu(P x
η ) <̃ α + 1

n}, so it follows that{P x
η : ψfu(P x

η ) ≤̃ α}
is soft measurable.

(4) ⇒ (1) :
We know that{P x

η ∈̃ TA : ψfu(P x
η ) >̃ α} = TA \̃ {P x

η ∈̃ TA : ψfu(P x
η ) ≤̃ α}. Since both ofTA and
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{P x
η ∈̃ TA : ψfu(P x

η ) ≤̃ α} are soft measurable and soft difference of two measurable soft sets is also soft measurable,

so{P x
η ∈̃ TA : ψfu(P x

η ) >̃ α} should be a measurable soft set.

Corollary 3.3. The soft set{P x
η : ψfu(P x

η ) = α} is soft measurable for each extended soft real numberα.

Proof: Let α ∈̃ R̃. Then{P x
η : ψfu(P x

η ) = α} = {P x
η : ψfu(P x

η ) ≤̃ α} ∩̃ {P x
η : ψfu(P x

η ) ≥̃ α}, being the soft

intersection of two measurable soft sets, is soft measurable.

• If α = ∞, then

{P x
η : ψfu(P x

η ) = ∞} = ∩̃∞n=1 {P x
η : ψfu(P x

η ) >̃ n}
• If α = −∞, then

{P x
η : ψfu(P x

η ) = −∞} = ∩̃∞n=1 {P x
η : ψfu(P x

η ) <̃ − n}
Hence,{P x

η : ψfu(P x
η ) = α} is a measurable soft set for each extended soft real numberα.

Example 3.4. Let TP be a non-measurable soft subset ofR̃. Suppose thatTA = {P x
η ∈̃ TD : P x

η >̃ 0} andTB =
{P x

η ∈̃ TD : P x
η ≤̃ 0}. Assume thatψgu : TA → TP andφhv : TB → T c

P are any bijective soft mappings. Define a

soft mappingχfw : TD → R̃ as

χfw(P x
η ) =

{
ψgu(P x

η ), if P x
η ∈̃ TA

φhv(P x
η ), if P x

η ∈̃ TB

Clearlyχfw is soft bijective and assumes at most one value at each soft point. Thus for any soft real number

α, the soft set{P x
η ∈̃ TD : χfw(P x

η ) = α} contains exactly one soft point and hence it is a measurable soft set.

However, the soft set{P x
η ∈̃ TD : χfw(P x

η ) >̃ α} being the same asTP is non-measurable soft set. Henceχfw is a

non-measurable soft mapping.

Definition 3.5. Let ψfu be an extended real-valued soft mapping defined on some soft setTA. The positiveand

negative partsof ψfu are defined, respectively, as

ψ+
fu(P x

η ) = max{ψfu(P x
η ), 0} = ψfu ∨̃ 0

ψ−fu(P x
η ) = max{−ψfu(P x

η ), 0} = −ψfu ∨̃ 0

for all P x
η ∈̃ TA.

Obviouslyψ+
fu andψ−fu are extended real-valued soft mappings andψ+

fu, ψ−fu ≥̃ 0.

Lemma 3.6. Let ψ+
fu and ψ−fu be the positive and negative parts of an extended real-valued soft mappingψfu,

respectively. Then,ψfu = ψ+
fu − ψ−fu.

Proof: Let P x
η ∈̃ TA. Then there are three possibilities for the values ofψfu atP x

η :

• If ψfu(P x
η ) = 0, thenψ+

fu(P x
η ) = max{ψfu(P x

η ), 0} = 0 andψ−fu(P x
η ) = max{−ψfu(P x

η ), 0} = 0, so that

(ψ+
fu − ψ−fu)(P x

η ) = ψ+
fu(P x

η )− ψ−fu(P x
η ) = 0− 0 = 0 = ψfu(P x

η ), ∀P x
η ∈̃ TA.

• If ψfu(P x
η ) >̃ 0, thenψ+

fu(P x
η ) = max{ψfu(P x

η ), 0} = ψfu(P x
η ) andψ−fu(P x

η ) = max{−ψfu(P x
η ), 0} = 0, so

that(ψ+
fu − ψ−fu)(P x

η ) = ψ+
fu(P x

η )− ψ−fu(P x
η ) = ψfu(P x

η )− 0 = ψfu(P x
η ), ∀ P x

η ∈̃ TA.

• If ψfu(P x
η ) <̃ 0, thenf̃+(P x

η ) = max{ψfu(P x
η ), 0} = 0 andψ−fu(P x

η ) = max{−ψfu(P x
η ), 0} = −ψfu(P x

η ),
so that(ψ+

fu − ψ−fu)(P x
η ) = ψ+

fu(P x
η )− ψ−fu(P x

η ) = 0− (−ψfu(P x
η )) = ψfu(P x

η ), ∀P x
η ∈̃ TA.

Lemma 3.7. Let ψ+
fu and ψ−fu be the positive and negative parts of an extended real-valued soft mappingψfu,

respectively. Then,|ψfu| = ψ+
fu + ψ−fu.
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Proof: Let P x
η ∈̃ TA. Then there are three possibilities for the values ofψfu atP x

η :

• If ψfu(P x
η ) = 0, thenψ+

fu(P x
η ) = max{ψfu(P x

η ), 0} = 0 andψ−fu(P x
η ) = max{−ψfu(P x

η ), 0} = 0, so that

(ψ+
fu + ψ−fu)(P x

η ) = ψ+
fu(P x

η ) + ψ−fu(P x
η ) = 0 + 0 = 0 = |0| = |ψfu(P x

η )| = |ψfu|(P x
η ), ∀P x

η ∈̃ TA.

• If ψfu(P x
η ) > 0, thenψ+

fu(P x
η ) = max{ψfu(P x

η ), 0} = ψfu(P x
η ) andψ−fu(P x

η ) = max{−ψfu(P x
η ), 0} = 0, so

that(ψ+
fu + ψ−fu)(P x

η ) = ψ+
fu(P x

η ) + ψ−fu(P x
η ) = ψfu(P x

η ) + 0 = ψfu(P x
η ) = |ψfu(P x

η )| = |ψfu|(P x
η ), ∀ P x

η ∈̃ TA.

• If ψfu(P x
η ) <̃ 0, thenψ+

fu(P x
η ) = max{ψfu(P x

η ), 0} = 0 andψ−fu(P x
η ) = max{−ψfu(P x

η ), 0} = −ψfu(P x
η ),

so that(ψ+
fu + ψ−fu)(P x

η ) = ψ+
fu(P x

η ) + ψ−fu(P x
η ) = 0 + (−ψfu(P x

η )) = −ψfu(P x
η ) = |ψfu(P x

η )| = |ψfu|(P x
η ),

∀ P x
η ∈̃ TA.

Theorem 3.8. Let ψfu andφhv be two measurable soft mappings defined on the same soft measurable domainTD

and c be some soft real number. Then (1)ψfu + c (2) cψfu (3) ψfu + φhv (4) ψfu − φhv (5) ψ2
fu (6) ψfuφhv (7)

ψfu

φhv
, φhv 6= 0 (8) ψfu ∨̃ φhv (9) ψfu ∧̃ φhv (10) |ψfu| are measurable soft mappings.

Proof: (1) Consider{P x
η : (ψfu + c)(P x

η ) >̃ α} = {P x
η : ψfu(P x

η ) + c >̃ α} = {P x
η : ψfu(P x

η ) >̃ α − c} for each

α ∈̃ R̃. Sinceψfu is given to be soft measurable, so{P x
η : ψfu(P x

η ) >̃ α− c} is soft measurable. Thus,ψfu + c is a
measurable soft mapping.
(2) There arise three cases depending upon whetherc = 0, c >̃ 0 or c <̃ 0.
Case I: Whenc = 0
• If α >̃ 0, then{P x

η ∈̃ TD : (cψfu)(P x
η ) >̃ α} = {P x

η ∈̃ TD : cψfu(P x
η ) >̃ α} = Tφ, which is a measurable soft

set.
• If α ≤̃ 0, we have{P x

η ∈̃ TD : (cψfu)(P x
η ) >̃ α} = {P x

η ∈̃ TD : cψfu(P x
η ) >̃ α} = TD, which is a measurable

soft set.
Case II: Whenc >̃ 0

Here{P x
η ∈̃ TD : (cψfu)(P x

η ) >̃ α} = {P x
η ∈̃ TD : cψfu(P x

η ) >̃ α} = {P x
η ∈̃ TD : ψfu(P x

η ) >̃α
c }, which is a

measurable soft set forψfu is soft measurable.
Case III: Whenc <̃ 0

Here{P x
η ∈̃ TD : (cψfu)(P x

η ) >̃ α} = {P x
η ∈̃ TD : cψfu(P x

η ) >̃ α} = {P x
η ∈̃ TD : ψfu(P x

η ) <̃ α
c }, which is

a measurable soft set by Theorem 3.2.
(3) If ψfu(P x

η ) + φhv(P x
η ) >̃ α thenψfu(P x

η ) >̃ α − φhv(P x
η ), ∀ α ∈̃ R̃. Thus we can find a soft rational num-

ber r such thatψfu(P x
η ) >̃ r >̃ α − φhv(P x

η ). We show that{P x
η : (ψfu + φhv)(P x

η ) >̃ α} = ∪̃r e∈ eQ [{P x
η :

ψfu(P x
η ) >̃ r} ∩̃ {P x

η : α − φhv(P x
η ) <̃ r}]. For this, letP x1

η ∈̃ {P x
η : (ψfu + φhv)(P x

η ) >̃ α}. Then,(ψfu +
φhv)(P x1

η ) >̃ α i.e. ψfu(P x1
η ) + φhv(P x1

η ) >̃ α and henceψfu(P x1
η ) >̃ α−φhv(P x1

η ). Thus, there existsr ∈̃ Q̃ such
thatψfu(P x1

η ) >̃ r >̃ α− φhv(P x1
η ). This implies that

P x1
η ∈̃ {P x

η : ψfu(P x
η ) >̃ r} andP x1

η ∈̃ {P x
η : α− φhv(P x

η ) <̃ r}
⇒ P x1

η ∈̃ {P x
η : ψfu(P x

η ) >̃ r} ∩̃ {P x
η : α− φhv(P x

η ) <̃ r}
⇒ P x1

η ∈̃ ∪̃r e∈ eQ {P x
η : ψfu(P x

η ) >̃ r} ∩̃ {P x
η : α− φhv(P x

η ) <̃ r}.
Conversely, suppose thatP x2

η ∈̃ ∪̃r e∈ eQ [{P x
η : ψfu(P x

η ) >̃ r} ∩̃ {P x
η : α− φhv(P x

η ) <̃ r}]. It means that there

existsr ∈̃ Q̃ such thatP x2
η ∈̃ {P x

η : ψfu(P x
η ) >̃ r} ∩̃ {P x

η : α − φhv(P x
η ) <̃ r}. SoP x2

η ∈̃ {P x
η : ψfu(P x

η ) >̃ r}
and P x2

η ∈̃ {P x
η : α − φhv(P x

η ) <̃ r}. This yieldsψfu(P x2
η ) >̃ r and α − φhv(P x2

η ) <̃ r. Therefore, we get
ψfu(P x2

η ) >̃ r >̃ α − φhv(P x2
η ). In particular,ψfu(P x2

η ) >̃ α − φhv(P x2
η ) i.e. ψfu(P x2

η ) + φhv(P x2
η ) >̃ α. Thus,

(ψfu + φhv)(P x2
η ) >̃ α and henceP x2

η ∈̃ {P x
η : (ψfu + φhv)(P x

η ) >̃ α}.
Since countable soft union of measurable soft sets is soft measurable, so the desired result follows.

(4) The result follows quickly from (2) and (3).
(5) If α <̃ 0, then{x : ψ2

fu(P x
η ) <̃ α} = TD, which is a measurable soft set. Ifα ≥̃ 0, then we may write

{x : ψ2
fu(P x

η ) <̃ α} = {P x
η : ψfu(P x

η ) <̃
√

α} ∪̃ {P x
η : ψfu(P x

η ) >̃ −√α}. Both the soft sets on the RHS are soft
measurable and hence their soft union should also be soft measurable.
(6) Sinceψfuφhv = 1

4{(ψfu+φhv)2−(ψfu−φhv)2}, so it follows from above results thatψfuφhv is soft measurable.
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(7) Forφhv(P x
η ) 6= 0, we have

{P x
η
e∈ TD :

1

φhv(P x
η )
e> α} =

8
><
>:

{P x
η : φhv(P x

η ) e> 0} if α = 0

{P x
η : φhv(P x

η ) e> 0}e∩ {P x
η : φhv(P x

η ) e> 1
α

if α e> 0

{P x
η : φhv(P x

η ) e> 0} e∪ [{P x
η : φhv(P x

η ) e< 0} e∩ {P x
η : φhv(P x

η ) e< 1
α
}] if α e< 0

This implies that 1
φhv

is a measurable mapping. Sinceψfu

φhv
= ψfu. 1

φhv
, φhv 6= 0, so by (6),ψfu

φhv
is a measurable soft

mapping.

(8) For anyα ∈̃ R, we have

{P x
η : (ψfu ∨̃ φhv)(P x

η ) >̃ α} = {P x
η : ψfu(P x

η ) >̃ α} ∪̃ {P x
η : φhv(P x

η ) >̃ α}
Since soft union of two measurable soft mappings is a measurable soft mapping, so the result follows.

(9) By definition,(ψfu ∧̃ φhv)(P x
η ) = min{ψfu(P x

η ), φhv(P x
η )}. Thus, For anyα ∈̃ R̃, we have

{P x
η : (ψfu ∧̃ φhv)(P x

η ) >̃ α} = {P x
η : ψfu(P x

η ) >̃ α} ∩̃ {P x
η : φhv(P x

η ) >̃ α}
Since soft intersection of two measurable soft mappings is a measurable soft mapping, so the result follows.

(10) From (2) and (8), we conclude thatψ+
fu = ψfu ∨̃ 0 andψ−fu = (−ψfu) ∨̃ 0 are measurable soft mappings.

Moreover, since|ψfu| = ψ+
fu + ψ−fu, so by (3), the measurability of|ψfu| follows.

Remark. If ψ+
fu andψ−fu are soft measurable, then by (4) of above theorem,ψfu = ψ+

fu−ψ−fu is also soft measurable.

Thus,ψfu is soft measurable if and only ifψ+
fu andψ−fu are soft measurable.

If, however,|ψfu| is soft measurable then it is not necessary forψfu to be soft measurable. For an illustration,

assume thatTA is a non-measurable soft set. Define a soft mappingψfu by ψfu = χTA − 1
2
, where the characteristic

soft mappingχTA
is defined as

χTA
(P x

η ) =

{
1 if P x

η ∈̃ TA

0 if P x
η /̃∈ TA

Hereψfu is not soft measurable but|ψfu| = 1
2

is soft measurable.

Theorem 3.9. Letψfu be an extended real-valued measurable soft mapping defined onTD andTA be a measurable

soft subset ofTD. Then the soft restriction ofψfu to TA is also soft measurable.

Proof: Since{P x
η ∈̃ TA : ψfu(P x

η ) >̃ α} ⊆̃ {P x
η ∈̃ TD : ψfu(P x

η ) >̃ α}, ∀ α ∈̃ R̃; so{P x
η ∈̃ TA : ψfu(P x

η ) >̃ α} =
TA ∩̃ {P x

η ∈̃ TD : ψfu(P x
η ) >̃ α}.

Since soft intersection of two measurable soft sets is also soft measurable, so the result follows.

Corollary 3.10. Let TA andTB be measurable soft sets. Suppose thatψfu is a soft mapping with domainTA ∪̃ TB .

Thenψfu is soft measurable if and only if its soft restrictions toTA andTB are soft measurable.

Proof: Let ψfu be soft measurable onTA andTB . Then clearly

{P x
η ∈̃ TA ∪̃ TB : ψfu(P x

η ) >̃ α} = {P x
η ∈̃ TA : ψfu(P x

η ) >̃ α} ∪̃ {P x
η ∈̃ TB : ψfu(P x

η ) >̃ α}
By assumptions, the soft sets on the RHS are soft measurable, soψfu is soft measurable.

Conversely suppose thatψfu is measurable onTA ∪̃ TB . Then by Theorem 3.9, the soft restrictions ofψfu to

TA andTB must be soft measurable.
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Theorem 3.11. Let ψfu be a mapping with soft measurable domainTD. Thenψfu is soft measurable if and only if

the soft mapping

φhv(P x
η ) =

{
ψfu(P x

η ) if P x
η ∈̃ TD

0 if P x
η /̃∈ TD

is soft measurable.

Proof: If P x
η ∈̃ TD, thenφhv(P x

η ) = ψfu(P x
η ) andψfu is given to be soft measurable onTD, soφhv is soft measurable

onTD. In caseP x
η /̃∈ TD, we haveφhv(P x

η ) = 0 which is soft measurable, being a constant mapping.

Conversely suppose thatφhv is a measurable soft mapping onTD ∪̃ T c
D. Then the soft restrictionφhv|TD = ψfu

is a measurable soft mapping by Theorem 3.9.

Definition 3.12. A property is said tohold almost everywhereif the set of soft points where this property fails to hold

has soft measure0. Thus, two soft mappingsψfu andφhv with same soft domainTD aresoft equal almost everywhere

if m̃({P x
η ∈̃ TD : ψfu(P x

η ) 6= φhv(P x
η )}) = 0.

Example 3.13. Defineψfu : R̃→ {1, 2} by

ψfu(P x
η ) =

{
1 if P x

η /̃∈ Q̃
2 if P x

η ∈̃ Q̃

thenψfu = 1 almost everywhere becausẽm(Q̃) = 0.

Example 3.14. Defineψfu : R̃→ {1, 2} by

ψfu(P x
η ) =

{
1 if P x

η /̃∈ Q̃
2 if P x

η ∈̃ Q̃

andφhv : R̃→ R̃ by

φhv(P x
η ) =

{
1 if P x

η /̃∈ Q̃
P x

η if P x
η ∈̃ Q̃

thenψfu = φhv almost everywhere becausẽm({P x
η ∈̃ R̃ : ψfu(P x

η ) 6= φhv(P x
η )}) = m̃(Q̃) = 0.

Example 3.15. Defineψfu : R̃→ R̃∞, whereR̃∞ denotes the soft set of extended soft real numbers, by

ψfu(P x
η ) =

{
3 if P x

η /̃∈ Q̃
∞ if P x

η ∈̃ Q̃

thenψfu is soft finite almost everywhere becausem̃({P x
η : ψfu(x) = ∞}) = m̃(Q̃) = 0.

Definition 3.16. A sequence{(ψfu)n} of soft mappings defined onTA is said to besoft convergent almost everywhere

to a soft mappingψfu if the soft set of soft points where{(ψfu)n} fails to be soft convergent toψfu has soft measure

0.

Theorem 3.17. Let ψfu be a measurable soft mapping withψfu = φhv almost everywhere onTA. Thenφhv is also

soft measurable.
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Proof: Let TB = {P x
η ∈̃ TA : ψfu(P x

η ) 6= φhv(P x
η )}. Then, by hypothesis,TB is soft measurable with̃m(TB) = 0.

Moreover,TA \̃ TB , being the soft difference of two measurable soft sets, is also soft measurable.

SinceTA = (TA \̃ TB) ∪̃ TB , so for anyα ∈̃ R̃ we have

{P x
η ∈̃ TA : ψfu(P x

η ) >̃ α} = {P x
η ∈̃ TA \̃ TB : φhv(P x

η ) >̃ α} ∪̃ {P x
η ∈̃ TB : φhv(P x

η ) >̃ α}
Sinceψfu = φhv onTA \̃ TB , so we obtain

{P x
η ∈̃ TA : φhv(P x

η ) >̃ α} = {P x
η ∈̃ TA \̃ TB : ψfu(P x

η ) >̃ α} ∪̃ {P x
η ∈̃ TB : φhv(P x

η ) >̃ α}
• Sinceψfu is soft measurable onTA \̃ TB , so the first soft set on RHS is soft measurable.

• Since{P x
η ∈̃ TB : φhv(P x

η ) >̃ α} ⊆̃ TB andm̃(TB) = 0, so the second soft set on RHS is also soft measurable.

Hence the set{P x
η ∈̃ TA : φhv(P x

η ) >̃ α} is soft measurable, as required.

Definition 3.18. Let L̃ andM̃ , respectively, be the soft sets of soft rational and soft irrational numbers in[0, 1]. Then,

m̃(M̃) = m̃(L̃) + m̃(M̃) = m̃(L̃ ∪̃ M̃) = m̃([0, 1]) = 1

Defineψfu : [0, 1] → {0, 1} by

ψfu(P x
η ) =

{
1 if P x

η ∈̃ L̃

0 if P x
η ∈̃ M̃

thenψfu = 0 almost everywhere. Furthermore, the constant soft mapping having value0 is a continuous soft mapping

but ψfu is not soft continuous. Thus, we conclude that ifψfu is soft continuous andψfu = φhv almost everywhere,

thenφhv is not necessarily soft continuous. The soft mappingψfu is calledDirichlet’s soft mapping.

The mappingψfu : R̃→ {0, 1} defined as

ψfu(P x
η ) =

{
1 if P x

η /̃∈ Q̃
0 if P x

η ∈̃ Q̃

thenψfu = 1 almost everywhere oñR. Since a constant soft mapping is soft measurable, so by Theorem 3.17,ψfu

must be soft measurable.

Defineφhv : R̃→ {0, 1} as

φhv(P x
η ) =

{
0 if P x

η /̃∈ Q̃
1 if P x

η ∈̃ Q̃

thenφhv = 0 almost everywhere oñR. Since a constant soft mapping is soft measurable, so by Theorem 3.17,φhv

should be soft measurable.

Theorem 3.19.Let{(ψfu)n} be a sequence of extended real-valued measurable soft mappings with same soft domain

TA. Then

1) max1 ≤ i ≤ n (ψfu)i is soft measurable for eachn.

2) min1 ≤ i ≤ n (ψfu)i is soft measurable for eachn.

3) infn∈N (ψfu)n is soft measurable.

4) supn∈N (ψfu)n is soft measurable.

5) lim (ψfu)n = lim sup (ψfu)n is soft measurable.

6) lim (ψfu)n = lim inf (ψfu)n is soft measurable.

7) If limn→∞ (ψfu)n(P x
η ) = ψfu(P x

η ) exists, thenψfu is soft measurable.
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Proof:
1) Let ψfu = max1 ≤ i ≤n (ψfu)i. We show that{P x

η : ψfu(x) >̃ α} = ∪̃n
i=1 {P x

η : (ψfu)i(P x
η ) >̃ α}, for

any α. For this, letP x1
η ∈̃ {P x

η : ψfu(P x
η ) >̃ α}, thenψfu(P x1

η ) >̃ α. But, by our assumption,ψfu(P x
η ) =

max1 ≤ i ≤n (ψfu)i(P x
η ). So there isj ∈ {1, 2, 3, ..., n} such thatψfu(P x

η ) = (ψfu)j(P x
η ) i.e. ψfu(P x1

η ) =
(ψfu)j(P x1

η ) >̃ α which implies thatP x1
η ∈̃ {P x

η : (ψfu)j(P x
η ) >̃ α} for somej ∈ {1, 2, 3, ..., n}. Hence,

P x1
η ∈̃ ∪̃n

i=1 {P x
η : (ψfu)i(P x

η ) >̃ α}.
Conversely suppose thatP x2

η ∈̃ ∪̃n
i=1 {P x

η : (ψfu)i(P x
η ) >̃ α}, thenP x2

η ∈̃ {P x
η : (ψfu)k(P x

η ) >̃ α} for

somek ∈ {1, 2, 3, ..., n} i.e. (ψfu)k(P x2
η ) >̃ α. Also, by definition,(ψfu)i(P x

η ) ≤̃ max1 ≤ i ≤n (ψfu)i(P x
η ) =

ψfu(P x
η ), ∀i = 1, 2, 3, ..., n and so(ψfu)k(P x2

η ) ≤̃ ψfu(P x2
η ). This means thatψfu(P x2

η ) >̃ α. Thus,P x2
η ∈̃ {P x

η :
ψfu(P x

η ) >̃ α}.
Since finite soft union of measurable soft sets is soft measurable, so this concludes the proof.

2) Letψfu = min1 ≤ i ≤n (ψfu)i. It can be easily shown that{P x
η : ψfu(P x

η ) >̃ α} = ∩̃n
i=1 {P x

η : (ψfu)i(P x
η ) >̃ α}, ∀α.

3) Letψfu = infn∈N (ψfu)n. If P x1
η ∈̃ {P x

η : ψfu(P x
η ) >̃ α}, thenψfu(P x1

η ) >̃ α. Clearly,ψfu(P x1
η ) ≤̃ (ψfu)n(P x1

η )
for eachn ∈ N. Thus,

α <̃ ψfu(P x1
η ) ≤̃ (ψfu)n(P x1

η ), n ∈ N

Therefore,P x1
η ∈ {P x

η : (ψfu)n(P x
η ) >̃ α} for eachn ∈ N and henceP x1

η ∈̃ ∩̃∞n=1 {P x
η : (ψfu)n(P x

η ) >̃ α}. Thus,

{P x
η : ψfu(P x

η ) >̃ α} ⊆̃ ∩̃∞n=1 {P x
η : (ψfu)n(P x

η ) >̃ α}.
Conversely, suppose thatP x2

η ∈̃ ∩̃∞n=1 {P x
η : (ψfu)n(P x

η ) >̃ α}, so that(ψfu)n(P x2
η ) >̃ α, ∀ n ∈ N. This

shows thatα is a soft lower bound of{(ψfu)1(P x2
η ), (ψfu)2(P x2

η ), (ψfu)3(P x2
η ), ...}. But

ψfu(P x2
η ) = inf{(ψfu)1(P x2

η ), (ψfu)2(P x2
η ), (ψfu)3(P x2

η ), ...}

A soft lower bound is always less or equal to the soft greatest lower bound. Soα <̃ ψfu(P x2
η ). Therefore,P x2

η ∈̃ {P x
η :

ψfu(P x
η ) >̃ α} and hencẽ∩∞n=1{P x

η : (ψfu)n(P x
η ) >̃ α} ⊆̃ {P x

η : ψfu(P x
η ) >̃ α}.

Thus,{P x
η : ψfu(P x

η ) >̃ α} = ∩̃∞n=1 {P x
η : (ψfu)n(P x

η ) >̃ α}.
Since soft intersection of a countable number of measurable soft sets is soft measurable, soψfu = min1 ≤ i ≤n (ψfu)i

must be soft measurable.

4) Letψfu = supn∈N (ψfu)n. Since the set{P x
η : ψfu(P x

η ) >̃ α} = ∪̃∞n=1 {P x
η : (ψfu)n(P x

η ) >̃ α} is soft measur-

able, soψfu = supn∈N (ψfu)n is a measurable soft mapping, as desired.

5) We know thatlim (ψfu)n = infn(supi≥n(ψfu)i) = λ, say. Suppose that

(ψFU )n = sup{(ψfu)n, (ψfu)n+1, (ψfu)n+2, ..., (ψfu)n+i, ...}, n = 1, 2, 3, ...

Since each(ψfu)n is given to be soft measurable, so by part (4), each(ψFU )n is soft measurable. Now{(ψfu)n} is

a sequence of measurable soft mappings andλ = infn (ψFU )n so that, by (3),λ = lim (ψfu)n is a measurable soft

mapping.

6) We know thatlim (ψfu)n = supn(infi≥n(ψfu)i) = λ, say. Suppose that

(ψFU )n = inf{(ψfu)n, (ψfu)n+1, (ψfu)n+2, ..., (ψfu)n+i, ...}, n = 1, 2, 3, ...

Each(ψFU )n is soft measurable due to the soft measurability of(ψfu)n for eachn and part (3). Consequently,

λ = lim (ψfu)n is a measurable soft mapping, by part (4)

7) By hypothesis,ψfu = lim (ψfu)n = lim (ψfu)n, which are soft measurable by parts (5) and (6) respectively. So

ψfu should be soft measurable.
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Remark. The results in parts (3) to (7) of above theorem cannot be extended to the case of soft uncountable operations.

For example, ifI is any indexing set and each(ψfu)i is soft measurable fori ∈ I, thensupi∈I (ψfu)i need not be

soft measurable as can be seen in forthcoming example.

Example 3.20. Let Ẽ ⊆̃ [0, 1] be a non-measurable soft set. Define a soft mapping

(ψfu)i(P x
η ) =

{
0 if P x

η 6= i

1 if P x
η = i

For eachi ∈ Ẽ, the mapping(ψfu)i is soft measurable butsupi∈ eE(ψfu)i = χ eE , the characteristic soft mapping,

which is not soft measurable.

Theorem 3.21. A continuous soft mapping defined on a measurable soft set is soft measurable.

Proof:
Let ψfu be a continuous soft mapping defined onTD ⊆̃ R̃. For soft measurability ofψfu, it suffices to show

that{P x
η : ψfu(P x

η ) >̃ α} is soft measurable for eachα ∈̃ R̃.

Notice that{P x
η : ψfu(P x

η ) >̃ α} = ψ−1
fu (α,∞). Sinceψfu is soft continuous, soψ−1

fu (α,∞) is a soft open

subset ofTD. By definition of soft relative topology onTD, there exists a soft open setTG ⊆̃ R̃ such thatψ−1
fu (α,∞) =

TD ∩̃ TG. The soft setTG, being a soft open set, is soft measurable. Thus,ψ−1
fu (α,∞) is a measurable soft set and

henceψfu is a measurable soft mapping.

Theorem 3.22. Let ψfu be a measurable soft mapping andTG a soft open set, then{P x
η : ψfu(P x

η ) ∈̃ TG} is a

measurable soft set.

Proof:
We know that every non-empty soft setTG in R̃ is the soft union of a countable soft collection of soft open

intervals, soTG = ∪̃∞k=1 Ĩk, whereĨk = (ak, bk) are pairwise soft disjoint soft open intervals. Thus,

{P x
η : ψfu(P x

η ) ∈̃ TG} = ∪̃∞k=1 [{P x
η : ψfu(P x

η ) >̃ ak} ∩̃ {P x
η : ψfu(P x

η ) <̃ bk}]

and hence the result.

Theorem 3.23. Letψfu andφhv be measurable soft mappings defined on a same soft setTD. Then the soft sets

1) {P x
η : ψfu(P x

η ) >̃ φhv(P x
η )},

2) {P x
η : ψfu(P x

η ) <̃ φhv(P x
η )},

3) {P x
η : ψfu(P x

η ) ≤̃ φhv(P x
η )}, and

4) {P x
η : ψfu(P x

η ) ≥̃ φhv(P x
η )}

are soft measurable.

Proof:
1) We know that between any two soft real numbers, there is a soft rational number, soψfu(P x

η ) >̃ r >̃ φhv(P x
η ).

Thus, we have the desired result from

{P x
η : ψfu(P x

η ) >̃ φhv(P x
η )} = ∪̃r e∈ eQ [{P x

η : ψfu(P x
η ) >̃ r} ∩̃ {P x

η : φhv(P x
η ) <̃ r}]
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2) We know that between any two soft real numbers, there is a soft rational number, soψfu(P x
η ) <̃ r <̃ φhv(P x

η ).
Thus, we have the desired result from

{P x
η : ψfu(P x

η ) <̃ φhv(P x
η )} = ∪̃r e∈ eQ [{P x

η : ψfu(P x
η ) <̃ r} ∩̃ {P x

η : φhv(P x
η ) >̃ r}]

3) Since{P x
η : ψfu(P x

η ) ≤̃ φhv(P x
η )} = TD \̃ {P x

η : ψfu(P x
η ) >̃ φhv(P x

η )}, so the result follows from (1).

4) The result follows from

{P x
η : ψfu(P x

η ) = φhv(P x
η )} = {P x

η : ψfu(P x
η ) ≤̃ φhv(P x

η )} \̃ {P x
η : ψfu(P x

η ) <̃ φhv(P x
η )}

Theorem 3.24.Letψfu be a real-valued soft mapping defined on a soft measurable domainTD andTG be a soft open

set inR̃. Thenψfu is soft measurable if and only ifψ−1
fu (TG) is soft measurable.

Proof:
Let ψfu be soft measurable andTG be a soft open set iñR. ThenTG = ∪̃∞k=1 Ĩk, whereĨk = (ak, bk) are

pairwise soft disjoint soft open intervals. SinceĨk = (ak, bk) = (−∞, bk) ∩̃ (ak,∞), so

ψ−1
fu (Ĩk) = ψ−1

fu (ak, bk) = ψ−1
fu (−∞, bk) ∩̃ ψ−1

fu (ak,∞)
= {P x

η ∈̃ TD : ψfu(P x
η ) <̃ bk} ∩̃ {P x

η ∈̃ TD : ψfu(P x
η ) >̃ ak}

Thus,ψ−1
fu (Ĩk) is soft measurable for eachk, soψ−1

fu (TG) = ψ−1
fu (∪̃∞k=1 Ĩk) = ∪̃∞k=1 ψ−1

fu (Ĩk) is soft measurable.

Conversely, suppose thatψ−1
fu (TG) is a measurable soft set for any soft open setTG in R̃. In particular, for

TG = (α,∞), α ∈̃ R̃, ψ−1
fu (TG) = ψ−1

fu (α,∞) = {P x
η ∈̃ TD : ψfu(P x

η ) >̃ α} is a measurable soft set. Henceψfu is

soft measurable.

4. SOFT PROBABILITY MEASURE

In this section, we first discuss some basic definitions related to elementary probability theory and then focus on our

main topic viz. Soft Probability Measure. Soft probability space was inroduced by Khameneh and Kilicman (See [12]).

Definition 4.1. A process by which we obtain some information, is called anexperimenti.e. any observation or action

whose outcome is uncertain is known as an experiment. For an illustration, suppose that someone wishes to buy a car.

Assume that the collection of choices isX = {c1, c2, ..., c7} and the set of specifications isE = {η1, η2, ..., η9}. Then

the selection of a car amongst the choices available in accordance with the specifications desired by the person is an

experiment.

Definition 4.2. The aggregate of all possible outcomes of an experiment is calledsoft sample spaceand is designated

by TA.

Definition 4.3. Any particular soft subset of the soft setTA is termed as anevent.

Definition 4.4. Two eventsTA1 andTA2 of soft sample spaceTA are calledsoft mutually exclusiveor soft disjointif

TA1 ∩̃ TA2 = Tφ.

Definition 4.5. Two eventsTA1 andTA2 of soft sample spaceTA are calledsoft exhaustiveif TA1 ∪̃ TA2 = TA.

Definition 4.6. [12] Let Ã be a softσ-algebra onX. The mappingP : Ã → [0, 1] is calledsoft probability measure

on Ã if
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i) P (X̆) = 1
ii) P (∪i (Ti, E)) = Σi P (Ti, E), where(Ti, E) ∩̃ (Tj , E) = Tφ, ∀i 6= j.

A soft probability space overX is denoted by the triple(X, Ã, P ) whereÃ is a softσ-algebra overX andP is

the soft probability measure over̃A. The pair((F, E), P (F,E)) is used to represent a description of objects ofX as

well as the probability of such description.

Example 4.7. Consider Example 2.9. We may re-represent it in the following way:

(TA1 , P (TA1)) = (Tφ, 0),
(TA2 , P (TA2)) = ({(η1, {g}), (η2, {})}, 0.15),
(TA3 , P (TA3)) = ({(η1, {r}), (η2, {g, s})}, 0.1),
(TA4 , P (TA4)) = ({(η1, {s}), (η2, {r})}, 0.4),
(TA5 , P (TA5)) = ({(η1, {g, r}), (η2, {g, s})}, 0.6),
(TA6 , P (TA6)) = ({(η1, {r, s}), (η2, {g, r, s})}, 0.85),
(TA7 , P (TA7)) = ({(η1, {g, s}), (η2, {r})}, 0.9), and

(TA8 , P (TA8)) = (X̆, 1).
This representation yields descriptions of elements ofX as well as the probability of such descriptions (See

[12]).

5. AN APPLICATION OF SOFT SET THEORY

Assume that a person wants to travel with his pregnant wife from some destinationS1 to another destinationS2 via

road. Suppose that the collection of buses to travel isX = {v1, ..., v7}. The facilities that these vehicles provide may

be expressed asE = {η1, ..., η9}, the set of decision variables; where

v1 = Daewoo Express

v2 = Faisal Movers

v3 = Bilal Travels

v4 = Rajput Travels

v5 = Skyways

v6 = Sandhu Transport Company

v7 = Niazi Express

and

η1 = Comfortable Seats

η2 = Cooperative Staff

η3 = Wifi equipped

η4 = DVD Player with headphone for each passenger

η5 = Comfortable route

η6 = Refreshment

η7 = Non-stop

η8 = Security guard

η9 = Bus hostess

Keeping in view the condition of his wife, he has to choose the vehicle that possesses the qualities amongst the
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members of the setA = {η1, η2, η5, η6, η9} with corresponding weightsw1 = 0.9, w2 = 0.6, w5 = 0.4, w6 = 0.3,

andw9 = 0.7. Suppose that

TA = {(η1, {v1, v2, v4}), (η2, {v1, v3}), (η5, {v1}), (η6, {v1, v2, v7}), (η9, {v1, v2, v3, v4, v7})}
is a soft set. We represent this soft set in the form of a membership table along with the corresponding weights and the

choice values as below:

X η1, w1 = 0.9 η2, w2 = 0.6 η5, w5 = 0.4 η6, w6 = 0.3 η9, w9 = 0.7 Weighted Choice Value

v1 1 1 1 1 1 2.9

v2 1 0 0 1 1 1.9

v3 0 1 0 0 1 1.3

v4 1 0 0 0 1 1.6

v5 0 0 0 0 0 0

v6 0 0 0 0 0 0

v7 0 0 0 1 1 1.0

where the weighted choice values are computed using the formulaΣj (wj × vij) (See [14]).

It is vivid from above table that the person should preferv1 i.e. Daewoo Express. His2nd priority should bev2

i.e. Faisal Movers.v4 i.e. Rajput Travels stands on the3rd priority.

6. CONCLUSION

We introduced the notion of measurable soft mappings and the criteria for an extended real-valued soft mapping

to be a Lebesgue measurable soft mapping. The positive and negative parts of an extended real-valued soft mapping

were also introduced. We also discussed the measurability of soft mappings. A large number of results was also given

to elaborate different notions. The definition of soft probability measure in connection with its application to soft

σ-algebra is briefly discussed at the end. To make the ideas presented more digestible, the aid of appropriate examples

where needed is taken. We hope that the results investigated in this paper make a significant and technically sound

contribution to the field and will be beneficial for the researchers for further advancement and enhancement of the

research work in the field of soft set theory, especially in soft measure theory.

7. ACKNOWLEDGMENTS

The authors are highly thankful to the Editor-in-chief and the referees for their valuable comments and suggestions

for improving the quality of our paper.

REFERENCES

[1] M. Akram and F. Feng,Soft intersection Lie algebras, Quasigroups and Related Systems21, (2013) 11-18.

[2] M. I. Ali, F. Feng, X. Y. Liu, W. K. Min and M. Shabir,On some new operations in soft set theory, Computers and Mathematics with

Applications57, (2009) 1547-1553.

[3] N. O. Alshehri, M. Akram and R. S. Al-ghamdi,Applications of soft sets in-algebras, Advances in Fuzzy Systems3,No. 3 (2013) 1-8.



34 Muhammad Riaz and Khalid Naeem

[4] K. V. Babitha and J. J. Sunil,Soft Set Relations and Functions, Comput. Math.Appl. 60 1840-1849 (2010).
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